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D license.Introduction and preliminaries1.
The Banach contraction principle is the most natural and sig-
niﬁcant result of ﬁxed point theory. It has become one of the
most fundamental and powerful tools of nonlinear analysis be-
cause of its wide range of applications to nonlinear equations
arising of in physical and biological processes ensuring the
existence and uniqueness of solutions. It is widely considered
as the source of metric ﬁxed point theory. Also, its signiﬁcance
lies in its vast applicability in a number of branches of mathe-
matics. Generalization of the above principle has been aheavily branch of mathematics. Existence of a ﬁxed point for
contraction type mappings in partially ordered metric space
and applications have been considered by many authors.
There already exists an extensive literature on this topic, but
keeping in view the relevance of this paper, we merely refer
to [1–13,17–31].
In [6], Bhaskar and Lakshmikantham introduced the no-
tion of a coupled ﬁxed point and proved some coupled ﬁxed
point theorems in partially ordered complete metric spaces un-
der certain conditions. Afterwards Lakshmikantham and C´iric´
[17] extended these results by deﬁning the g-monotone prop-
erty, which indeed generalize the corresponding ﬁxed point
theorems contained in [6]. Since then Berinde and Borcut [8]
introduced the concept of tripled ﬁxed point and proved some
related theorems.
Recently Imdad et al. [14] introduced the concept of n-
tupled coincidence as well as n-tupled ﬁxed point (for even n)
and utilize these two deﬁnitions to obtain n-tupled coincidenceicense.
Results on n-tupled ﬁxed points in complete asymptotically 441as well as n-tupled common ﬁxed point theorems for nonlinear
/-contraction mappings. For more details see [9,11,23,25].
Very recently, Soliman et al. [31] proved some n-tupled
coincident point theorems for nonlinear /-contraction map-
pings in partially ordered complete asymptotically regular met-
ric spaces.
The purpose of this paper is to present some n-tupled coin-
cidence and ﬁxed point results for nonlinear contraction map-
pings in partially ordered complete asymptotically regular
metric spaces. Our results generalize and improve the results
of Imdad et al. [15]. As usual, this section is devoted to prelim-
inaries which include some basic deﬁnitions and results related
to coupled ﬁxed point in metric spaces.
From now, (X,,d) is a partially ordered complete metric
space. Further, the product space X · X has the following par-
tial order:
ðu; vÞ  ðx; yÞ () x  u; y  v 8ðx; yÞ; ðu; vÞ 2 X X:
We summarize in the following the basic notions and
results established in [6,8].
Deﬁnition 1 [6]. Let (X,) be a partially ordered set and
F:X · Xﬁ X be a mapping. Then F is said to have mixed
monotone property if for any x, y 2 X, F(x,y) is monotonically
nondecreasing in ﬁrst argument and monotonically nonin-
creasing in second argument, that is, for
x1; x2 2 X; x1  x2 ) Fðx1; yÞ  Fðx2; yÞ
y1; y2 2 X; y1  y2 ) Fðx; y1Þ  Fðx; y2Þ:
Deﬁnition 2 [6]. An element (x,y) 2 X · X is called a coupled
ﬁxed point of the mapping F:X · Xﬁ X if
Fðx; yÞ ¼ x and Fðy; xÞ ¼ y:
The main theoretical results of Bhaskar and Lakshmikan-
tham [6] are the following two coupled ﬁxed point theorems.
Theorem 1. Let (X,) be a partially ordered set and suppose
there is a metric d on X such that (X,d) is a complete metric
space. Let F:X · Xﬁ X be a continuous mapping having the
mixed monotone property on X. Assume that there exists
k 2 [0,1) with
dðFðx; yÞ;Fðu; vÞÞ 6 k
2
½dðx; uÞ þ dðy; vÞ for each x  u and y  v:
If there exist x0, y0 2 X such that x0  F(x0,y0) and
y0  F(y0,x0), then there exist x, y 2 X such that F(x,y) = x
and F(y,x) = y.
Theorem 2. Let (X,) be a partially ordered set and suppose
there is a metric d on X such that (X,d) is a complete metric
space. Assume that X has the following property:
(i) if nondecreasing sequence {xn}ﬁ x, then xn  x for all n;
(ii) if nonincreasing sequence {yn}ﬁ y, then yn  y for all n.
Let F:X · Xﬁ X be a mapping having the mixed mono-
tone property on X. Assume that there exists k 2 [0,1)
with
dðFðx; yÞ;Fðu; vÞÞ 6 k
2
½dðx; uÞ þ dðy; vÞ for each x  u and y  v:If there exist x0, y0 2 X such that x0  F(x0,y0) and
y0  F(y0,x0), then there exist x, y 2 X such that F(x,y) = x
and F(y,x) = y.
Recently, Berinde and Borcut [8] introduced the following
partial order on the product space X · X · X:
ðu; v;wÞ  ðx; y; zÞ () x  u; y  v; z  w
8ðx; y; zÞ; ðu; v;wÞ 2 X X X:Deﬁnition 3 [8]. Let (X,) be a partially ordered set and
F:X · X · Xﬁ X be a mapping. Then F is said to have mixed
monotone property if F is monotone nodecreasing in ﬁrst and
third argument and monotone noincreasing in second argu-
ment, that is, for any x, y, z 2 X
x1; x2 2 X; x1  x2 ) Fðx1; y; zÞ  Fðx2; y; zÞ
y1; y2 2 X; y1  y2 ) Fðx; y1; zÞ  Fðx; y2; zÞ
z1; z2 2 X; z1  z2 ) Fðx; y; z1Þ  Fðx; y; z2Þ:
Deﬁnition 4 [8]. An element (x,y,z) 2 X · X · X is called a
tripled ﬁxed point of the mapping F:X · X · Xﬁ X if
F(x,y,z) = x, F(y,x,y) = y and F(z,y,x) = z.
Inspired by the results on coupled ﬁxed points, Karapinar [16]
introduced the notionof quadrupled ﬁxed point and proved some
related ﬁxed point theorems in partially ordered metric spaces.
Deﬁnition 5 [16]. An element (x,y,z,w) 2 X · X · X · X is
called a quadrupled ﬁxed point of the mapping F:
X · X · X · X ·ﬁ X if F(x,y,z,w) = x, F(y,z,w,x) = y,
F(z,w,x,y) = z and F(w,x,y,z) = w.
The following concept of an n-ﬁxed point was introduced
by Gordji and Ramezani [12]. We suppose that the product
space Xn = X · X ·    · X(n times) is endowed with the
following partial order, where n is the positive integer (odd
or even): (x1, x2, . . . , xn), (y1, y2, . . . , yn) 2 Xn
ðx1; x2; . . . ; xnÞ  ðy1; y2; . . . ; ynÞ () x2i1  y2i1 8i 2 1; 2; . . . ; nþ 1
2
  
ðx1; x2; . . . ; xnÞ  ðy1; y2; . . . ; ynÞ () x2i  y2i 8i 2 1; 2; . . . ; n
2
h in o
:Deﬁnition 6 [12]. An element (x1, x2, . . . , xn) 2 Xn is called an
n ﬁxed point of the mapping F:Xnﬁ X if
xi ¼ Fðxi; xi1; . . . ; x2; x1; x2; . . . ; xniþ1Þ 8i 2 f1; 2; . . . ; ng:
Remark 1. The concept of n-tupled ﬁxed point is given by
Imdad et al. [14], which is quite different from the concept
of Gordji and Ramezani [12]. A detailed version on n-tupled
ﬁxed point is given in next section.
Very recently, Soliman et al. [31] proved results on n-tupled
coincidence point in complete asymptotically regular metric
space and called this space as generalized complete metric space.
Some more deﬁnitions related to our script are as follows:
Deﬁnition 7. Let (X,d) be a metric space. Then a sequence {xn}
in X is said to be Cauchy if limn;m!1dðxn; xmÞ ¼ 0 for all
n;m 2 N.
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sequence converges.
Deﬁnition 8. A sequence {xn} in a metric space (X,d) is said to
be asymptotically regular if limnﬁ1d(xn+1,xn) = 0.
Every Cauchy sequence is asymptotically regular but the
converse may not be true in metric spaces.
Example 1. Let X ¼ R and d(x,y) = Œx  yŒ for all x, y 2 X.
Then {xn} in X deﬁned by xn ¼
Pn
k¼1
1
k is asymptotically
regular but not Cauchy.
Deﬁnition 9. A metric space is called complete asymptotically
regular if every asymptotically regular sequence {xn} in X con-
verges to some point in X.
LetU denote the set of all functions/:[0,1)ﬁ [0,1) which sat-
isfy that limtﬁr/(t) > 0 for all r> 0and limt!0þ/ðtÞ ¼ 0. LetW
denote the set of all functions w:[0,1)ﬁ [0,1) which satisfy
(i) w(t) = 0 if and only if t= 0,
(ii) w is continuous and nondecreasing,
(iii) w(s+ t) 6 w(s) + w(t) for all s, t 2 [0,1).
Examples of typical functions / and w are given in [19].
2. Main results
In this paper we used the new deﬁnitions of n-tupled ﬁxed
point and mixed monotone property given by Imdad et al.
[14]. Throughout the paper n stands for a general even natural
number. In the sequel we have the following deﬁnitions:
Deﬁnition 10 [14]. Let (X,) be a partially ordered set and F:
Xnﬁ X be a mapping. The mapping F is said to have the
mixed monotone property if F is nondecreasing in its odd
position arguments and nonincreasing in its even position
arguments, that is,
for all x11;x
1
2 2X;x11 x12)F x11;x2;x3; . . . ;xn
 Fðx12;x2;x3; . . . ;xnÞ
for all x21;x
2
2 2X;x21 x22)F x1;x21;x3; . . . ;xn
 Fðx1;x22;x3; . . . ;xnÞ
for all x31;x
3
2 2X;x31 x32)F x1;x2;x31; . . . ;xn
 Fðx1;x2;x32; . . . ;xnÞ
..
.
for all xn1;x
n
2 2X;xn1 xn2)F x1;x2;x3; . . . ;xn1
 Fðx1;x2;x3; . . . ;xn2Þ:
8>>>><
>>>>:
ð2:1Þ
Deﬁnition 11 [14]. An element (x1, x2, . . . , xn) 2 Xn is called
an n-tupled ﬁxed point of the mapping F:Xnﬁ X if
Fðx1; x2; x3; . . . ; xnÞ ¼ x1
Fðx2; x3; . . . ; xn; x1Þ ¼ x2
Fðx3; . . . ; xn; x1; x2Þ ¼ x3
..
.
Fðxn; x1; x2; . . . ; xn1Þ ¼ xn:
8>>>><
>>>>:
ð2:2Þ
Now we are equipped to prove our main results as fo
Theorem 3. Let (X,) be a partially ordered set and (X,d) be a
complete asymptotically regular metric space. Let F:Xnﬁ X bea mapping such that F has the mixed monotone property on X.
Assume that for all x1, x2, . . . , xn, y1, y2, . . . , yn 2 X for which
x1  y1, x2  y2, x3  y3, . . . , xn  yn,
wðdðFðx1; x2; . . . ; xnÞ;Fðy1; y2; . . . ; ynÞÞÞ
6 1
n
wðdðx1; y1Þ þ dðx2; y2Þ þ . . .þ dðxn; ynÞÞ
 /ðdðx1; y1Þ þ dðx2; y2Þ þ    þ dðxn; ynÞÞ; ð2:3Þ
where / 2 U and w 2 W. Suppose that there exist
x10; x
2
0; x
3
0; . . . ; x
n
0 2 X such that
x10  F x10; x20; x30; . . . ; xn0
 
x20  F x20; x30; . . . ; xn0; x10
 
x30  F x30; . . . ; xn0; x10; x20
 
..
.
xn0  F xn0; x10; x20; . . . ; xn10
 
:
8>>>><
>>>>:
Suppose that either
(a) F is continuous or
(b) X has the following property:
(i) if nondecreasing sequence {xm}ﬁ x, then xm  x
for all mP 0;
(ii) if nonincreasing sequence {xm}ﬁ x, then xm  x
for all mP 0,
then there exist x1, x2, . . . , xn 2 X such thatFðx1; x2; . . . ; xnÞ ¼ x1;Fðx2; . . . ; xn; x1Þ ¼ x2; . . . ;
Fðxn; x1; . . . ; xn1Þ ¼ xn:
Proof. Let x10; x
2
0; x
3
0; . . . ; x
n
0 in X such that
x10  F x10; x20; x30; . . . ; xn0
 
x20  F x20; x30; . . . ; xn0; x10
 
x30  F x30; . . . ; xn0; x10; x20
 
..
.
xn0  Fðxn0; x10; x20; . . . ; xn10 Þ:
8>>>><
>>>>:
We construct sequences x1m
 	
; x2m
 	
; x3m
 	
; . . . ; xnm
 	
in X
as follows:
x1m ¼ F x1m1; x2m1; x3m1; . . . ; xnm1
 
x2m ¼ F x2m1; x3m1; . . . ; xnm1; x1m1
 
x3m ¼ F x3m1; . . . ; xnm1; x1m1; x2m1
 
..
.
xnm ¼ F xnm1; x1m1; x2m1; . . . ; xn1m1
 
for mP 1:
8>>>><
>>>>:
ð2:4Þ
By the mixed monotone property of F, it is easy to show that
x10  x11  x12      x1m1  x1m    
x20  x21  x22      x2m1  x2m    
x30  x31  x32      x3m1  x3m    
..
.
xn0  xn1  xn2      xnm1  xnm     :
8>>>><
>>>>:
ð2:5Þ
Results on n-tupled ﬁxed points in complete asymptotically 443Due to (2.3)–(2.5), we have
w d x1mþ1;x
1
mþ2
  ¼w d F x1m;x2m; . . . ;xnm ;Fðx1mþ1;x2mþ1; . . . ;xnmþ1Þ  
6 1
n
w d x1m;x
1
mþ1
 þd x2m;x2mþ1 þ þd xnm;xnmþ1  
/ d x1m;x1mþ1
 þd x2m;x2mþ1 þ þd xnm;xnmþ1  ;
w d x2mþ1;x
2
mþ2
  ¼w d F x2m; . . . ;xnm;x1m ;Fðx2mþ1; . . . ;xnmþ1;x1mþ1Þ  
6 1
n
w d x2m;x
2
mþ1
 þ þd xnm;xnmþ1 þd x1m;x1mþ1  
/ d x2m;x2mþ1
 þ þd xnm;xnmþ1 þd x1m;x1mþ1  ;
..
.
w d xnmþ1;x
n
mþ2
  ¼w d F xnm;x1m; . . . ;xn1m ;F xnmþ1;x1mþ1; . . . ;xn1mþ1   
6 1
n
w d xnm;x
n
mþ1
 þd x1m;x1mþ1 þ þd xn1m ;xn1mþ1  
/ d xnm;xnmþ1
 þd x1mþx1mþ1 þþd xn1m ;xn1mþ1  :
Due to above inequalities, we conclude that
w d x1mþ1;x
1
mþ2
  þ w d x2mþ1;x2mþ2  þ    þ w d xnmþ1;xnmþ2  
6 w d xm1;x1mþ1
 þ d xm2;x2mþ1 þ    þ d xmn;xnmþ1  
 n/ d xm1;x1mþ1
 þ d xm2;x2mþ1 þ    þ d xmn;xnmþ1  :
ð2:6ÞFrom property (iii) of w, we havew d x1mþ1; x
1
mþ2
 þ d x2mþ1; x2mþ2 þ    þ d xnmþ1; xnmþ2  
6 w d x1mþ1; x1mþ2
  þ w d x2mþ1; x2mþ2  þ   
þ w d xnmþ1; xnmþ2
  
: ð2:7Þ
Combining (2.6) and (2.7), we get that
w d x1mþ1; x
1
mþ2
  þ d x2mþ1; x2mþ2 þ . . .þ d xnmþ1; xnmþ2 
6 w d x1m; x1mþ1
 þ d x2m; x2mþ1 þ    þ d xnm; xnmþ1  
 n/ d x1m; x1mþ1
 þ d x2m; x2mþ1 þ    þ d xnm; xnmþ1  :
ð2:8Þ
Set dm ¼ d x1m; x1mþ1
 þ d x2m; x2mþ1 þ    þ d xnm; xnmþ1 ,
then we have
wðdmþ1Þ 6 wðdmÞ  n/ðdmÞ; for all m; ð2:9Þ
which yields thatwðdmþ1Þ 6 wðdmÞ; for all m: ð2:10Þ
Since w is nondecreasing, we get that dm+1 6 dm for all m.
Hence {dm} is a nonincreasing sequence. Since it is bounded
below, there is some dP 0 such that
lim
m!1
dm ¼ d: ð2:11Þ
We shall show that d= 0. Suppose on contrary that d> 0.
Letting mﬁ1 in (2.9) and having in mind that we suppose
limtﬁr/(t) > 0 for all r> 0 and limt!0þ/ðtÞ ¼ 0, we haved 6 d n/ðdÞ < d; ð2:12Þ
which is a contradiction. Thus d= 0, that is,
lim
m!1
dm¼ lim
m!1
d xm1;x1mþ1
 þd xm2;x2mþ1 þþd xmn;xnmþ1 
 ¼ 0;
ð2:13Þ
which implies that fx1mg; fx2mg; . . . ; fxnmg are asymptotically reg-
ular sequences in (X,d). Since (X,d) is a complete asymptotically
regular metric space, there exist x1, x2, . . . , xn 2 X such that
lim
m!1
x1m ¼ x1; limm!1x
2
m ¼ x2; . . . ; limm!1x
n
m ¼ xn: ð2:14Þ
Suppose that assumption (a) holds. Then by (2.4) and
(2.14), we have
x1 ¼ lim
m!1
x1m ¼ lim
m!1
x1m1; x
2
m1; . . . ; x
n
m1
 
¼ F lim
m!1
x1m1; lim
m!1
x2m1; . . . ; lim
m!1
xnm1
 
¼ Fðx1; x2; . . . ; xnÞ:
Analogously, we also observe that
x2¼ lim
m!1
x2m¼ lim
m!1
x2m1; . . . ;x
n
m1;x
1
m1
 
¼F lim
m!1
x2m1; . . . ; lim
m!1
xnm1; lim
m!1
x1m1
 
¼Fðx2; . . . ;xn;x1Þ:
..
.
xn¼ lim
m!1
xnm¼ lim
m!1
xnm1;x
1
m1; . . . ;x
n1
m1
 
¼F lim
m!1
xnm1; lim
m!1
x1m1; . . . ; lim
m!1
xn1m1
 
¼Fðxn;x1; . . . ;xn1Þ:
Thus we have
Fðx1; x2; . . . ; xnÞ ¼ x1;Fðx2; . . . ; xn; x1Þ
¼ x2; . . . ;Fðxn; x1; . . . ; xn1Þ ¼ xn1:
Let us assume that assumption (b) holds. Since x1m
 	
; x3m
 	
;
. . . ; xn1m
 	
are nondecreasing and x1m ! x1; x3m ! x3; . . . ;
xn1m ! xn1 and also x2m
 	
; x4m
 	
; . . . ; xnm
 	
are nonincreasing
and x2m ! x2; x4m ! x4; . . . ; xnm ! xn, we have
x1m  x1;x2m  x2;x3m  x3; . . . ;xnm  xn 8m; by assumption ðbÞ:
Consider nowdðx1;Fðx1;x2; . . . ;xnÞÞ6 dðx1;x1mþ1Þþ dðx1mþ1;Fðx1;x2; . . . ;xnÞÞ
¼ d x1;x1mþ1
 þ d F x1m;x2m; . . . ;xnm ;
Fðx1;x2; . . . ;xnÞ
< d x1;x1mþ1
 þ 1
n
w d x1m;x
1
 þ d x2m;x2 
þ    þ d xnm;xn
 / d x1m;x1 
þ d x2m;x2
 þ    þ d xnm;xn : ð2:15Þ
Taking mﬁ1 in (2.15) and using (2.14), we get that
d x1;F x1m; x
2
m; . . . ; x
n
m
   ¼ 0) x1 ¼ F x1m; x2m; . . . ; xnm :
444 A. SharmaAnalogously, we get that
x2 ¼ F x2m; . . . ; xnm; x1m
 
; . . . ; xn ¼ F xnm; x1m; . . . ; xn1m
 
:
Thus we proved that F has an n-tupled ﬁxed point. h
Corollary 1. Let (X,) be a partially ordered set and (X,d) be
a complete asymptotically regular metric space. Let F:Xnﬁ X
be a mapping such that F has the mixed monotone property on X.
Assume that there exists k 2 [0,1) such that for all
x1, x2, . . . , xn, y1, y2, . . . , yn 2 X for which x1  y1, x2  y2,
x3  y3, . . . , xn  yn,
dðFðx1; x2; . . . ; xnÞ;Fðy1; y2; . . . ; ynÞÞ
6 k
n
½dðx1; y1Þ þ dðx2; y2Þ þ    þ dðxn; ynÞ: ð2:16Þ
Suppose that there exist x10; x
2
0; x
3
0; . . . ; x
n
0 2 X such that
x10  F x10; x20; x30; . . . ; xn0
 
x20  F x20; x30; . . . ; xn0; x10
 
x30  F x30; . . . ; xn0; x10; x20
 
..
.
xn0  F xn0; x10; x20; . . . ; xn10
 
:
8>>>><
>>>>:
Suppose that either(a) F is continuous or
(b) X has the following property:
(i) if nondecreasing sequence {xm}ﬁ x, then
xm  x for all mP 0;
(ii) if nonincreasing sequence {xm}ﬁ x, then x-
m  x for all mP 0,then there exist x1, x2, . . . , xn 2 X such that
Fðx1; x2; . . . ; xnÞ ¼ x1; Fðx2; . . . ; xn; x1Þ
¼ x2; . . . ;Fðxn; x1; . . . ; xn1Þ ¼ xn:
Proof. It is sufﬁcient to take w(t) = t and /ðtÞ ¼ 1k
n
t in the
previous theorem. h
Now we shall prove the uniqueness of n-tupled ﬁxed point.
For a product Xn of a partial ordered set (X,), we deﬁne a
partial ordering in the following way:
8ðx1; x2; . . . ; xnÞ; ðy1; y2; . . . ; ynÞ 2 Xn
ðx1; x2; . . . ; xnÞ  ðy1; y2; . . . ; ynÞ () x1  y1; x2  y2; x3
 y3; . . . ; xn  yn: ð2:17Þ
We say that (x1, x2, . . . , xn) is equal to (y1, y2, . . . , yn) if
and only if x1 = y1, x2 = y2, . . . , xn = yn.
Theorem 4. In addition to the hypotheses of Theorem 3, suppose
that for real (x1, x2, . . . , xn), (y1, y2, . . . , yn) 2 Xn there exists,
(z1, z2, . . . , zn) 2 Xn that is comparable to (x1, x2, . . . , xn) and
(y1, y2, . . . , yn), then F has a unique n-tupled ﬁxed point.Proof. The set of n-tupled ﬁxed point is non empty due to
Theorem 3. Assume that (x1, x2, x3, . . . , xn) and
(y1, y2, y3, . . . , yn) are two n-tupled ﬁxed points of F, that is,
Fðx1; x2; x3; . . . ; xnÞ ¼ x1; Fðy1; y2; y3; . . . ; ynÞ ¼ y1
Fðx2; x3; . . . ; xn; x1Þ ¼ x2; Fðy2; y3; . . . ; yn; y1Þ ¼ y2
..
.
Fðxn; x1; x2; . . . ; xn1Þ ¼ xn; Fðyn; y1; y2; . . . ; yn1Þ ¼ yn:
We shall show that (x1, x2, x3, . . . , xn) and (y1, y2, y3, . . . ,
yn) are equal. By the assumption of the theorem, there exists
(z1, z2, z3, . . . , zn) 2 Xn that is comparable to (x1, x2, x3, . . . ,
xn) and (y1, y2, y3, . . . , yn). Deﬁne sequences z1m
 	
; z2m
 	
; . . . ;
znm
 	
such that z10 ¼ z1; z20 ¼ z2; . . . ; zn0 ¼ zn and
z1m ¼ F z1m1; z2m1; z3m1; . . . ; znm1
 
z2m ¼ F z2m1; z3m1; . . . ; znm1; z1m1
 
..
.
znm ¼ Fðznm1; z1m1; z2m1; . . . ; zn1m1Þ8m:
8>><
>>:
ð2:18Þ
Since (x1, x2, . . . , xn) is comparable with ðz10; z20; . . . ; zn0Þ, we
may assume that
ðx1; x2; . . . ; xnÞ  ðz1; z2; . . . ; znÞ ¼ ðz10; z20; . . . ; zn0Þ:
Recursively, we get that
ðx1; x2; . . . ; xnÞ  z1m; z2m; . . . ; znm
  8 m: ð2:19Þ
By (2.3) and (2.19), we have
w d x1; z1mþ1
   ¼ w d Fðx1; x2; . . . ; xnÞ;F z1m; z2m; . . . ; znm   
6 1
n
w d x1; z1m
 þ d x2; z2m þ . . .þ d xn; znm  
 / d x1; z1m
 þ d x2; z2m þ . . .þ d xn; znm  ;
w d x2; z2mþ1
   ¼ w d Fðx2; . . . ; xn; x1Þ;F z2m; . . . ; znm; z1m   
6 1
n
w d x2; z2m
 þ    þ d xn; znm þ d x1; z1m  
 / d x2; z2m
 þ    þ d xn; znm þ d x1; z1m  ;
..
.
w d xn;znmþ1
  ¼w d F xn;x1; . . . ;xn1 ;F znm;z1m; . . . ;zn1m   
6 1
n
w d xn;znm
 þd x1;z1m þ þd xn1;zn1m  
/ d xn;znm
 þd x1;z1m þþd xn1;zn1m  :
Set dm ¼ d x1; z1m
 þ d x2; z2m þ . . .þ d xn; znm . Then due
to above inequalities, we have
wðdmþ1Þ 6 wðdmÞ  n/ðdmÞ for all m; ð2:20Þ
which implies dm+1 6 dm. Hence the sequence {dm} is decreas-
ing and bounded below. Thus there exists dP 0 such that
limmﬁ1dm = d. Now, we shall show that d= 0. Suppose to
the contrary that d> 0. Letting mﬁ1 in (2.20), we obtain
wðdÞ 6 wðdÞ  n lim
m!1
/ðdmÞ < wðdÞ;
Results on n-tupled ﬁxed points in complete asymptotically 445which is a contradiction. Therefore d= 0. That is,
limmﬁ1dm = 0. Consequently, we have
lim
m!1
d x1; z1m
  ¼ 0; lim
m!1
dðx2; z2mÞ ¼ 0; . . . ; lim
m!1
dðxn; znmÞ ¼ 0:
ð2:21Þ
Similarly, we show that
lim
m!1
d y1; z1m
  ¼ 0; lim
m!1
d y2; z2m
  ¼ 0; . . . ; lim
m!1
d yn; znm
  ¼ 0:
ð2:22Þ
Combining (2.21) and (2.22) yields that (x1, x2, x3, . . . , xn)
and (y1, y2, y3, . . . , yn) are equal. hAcknowledgment
Author is grateful to the learned referees for their suggestions
towards improvement of the paper.
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